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Introduction

HE unsteady aerodynamic forces acting on a business aircraft

are calculated in the subsonic regime by use of the doublet
lattice method method using NASTRAN software. These forces are
further converted into the Laplace domain for aeroservoelasticity
studies. In the literature, classical methods [1-3] are used to
approximate the unsteady generalized forces from the frequency
domain Q(k) to the Laplace domain Q(s). These methods are as
follows: least square (LS) [1], matrix Padé [2], and minimum state
(MS) [3]. In this paper, we present a new mixed method based on a
combination of the most well known methods available in the
aeroservoelasticity literature: the LS and MS methods. We found that
our method gives very good results with respect to the LS method and
combines the advantages of the two classical methods LS and MS.
Flutter results are presented for a business aircraft with 44 symmetric
modes and 50 antisymmetric modes.

New Method Presentation

This new method uses a combination of the two analytical forms
for the conversion of the aerodynamic unsteady forces from the
frequency into the Laplace domain given by the LS and MS methods.
Thus, the general form of the unsteady aerodynamic forces in the
Laplace domain s is written in the following form:

Mags  4LS

_ 2 i+2 < -1
Q(s)=Ag+A;s+ Ays +;rbis+D[sI—R] Es (1)

where Q(s) are the unsteady aerodynamic forces, b; are the lag terms,
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Ag, A, Ay, and AL are (n % n) matrices, D is a (n * ny ) matrix, R
18 & (M g5 * M1 ags) diagonal matrix, and E is a (1 4 * 1) matrix. The
LS exponent of ALY, shows the LS part of Eq. (1), n is the number of
modes (n =50 for antisymmetric modes case and n =44 for
symmetric modes case), and 7y, is the number of lag terms
[11144s = 8 in the LS method and ny ., = 1, 2, 3, 4 in the mixed state
(MxState) method]. The two last terms on the right hand side of
Eq. (1) are

N ags

2

i=1

ALS
i+2 s

s+ b;

and D[sI — R]™'Es. The analytical form of the first term is used in the
LS method, and the analytical form of the second term is used in the
MS method. We can write the second term D[s/ — R]™'Es in the
form of the first term. Thus, Eq. (1) can be rewritten as follows:

NLags =NLS=NMS

2

i=1

Ai+2

=Ag+Ars + Ays? L2
o(s) o +As + Ays” + S+ b

(@)

where n; g and nyg represent the number of total lag terms of the LS
and MS methods, respectively. As observed in Eq. (2), for simplicity,
we assumed that the lag terms calculated by the LS method are equal
to the lag terms calculated by the MS method (b; ; = b;,.), from
which the number of lags are also assumed to be equal (1,5 = nys),
because of their common denominator. This assumption is done to
simplify the new method’s formulation. Once the values of
A, A1, Ay, Az, ... and lag terms b; (where i =1,2,...,np,,) are
calculated by the LS method, we will pass from the standard LS form
to the new form defined by Eq. (1), and the transfer function

NLags

3 Aipo
‘—s+b;
is expressed as
Niags Av+2 nLs I_fz
s = ! D[sI — R|"'E 3
Zs+b,- Zv+b,~+ [s] - R] ©)

i=1" i=1"

In the next section, we will show the calculation of the unknown
matrices on the right side of Eq. (3) from the known matrices on the
left side of Eq. (3) for the easiest case involving two lags
(n1s = nys = 2). The A; and A, matrices [left side of Eq. (3)] may be
expressed under the general form

3 3 3 3]
“%1 a%Z aé3 aém
a%1 a§2 a%3 a%’"
Ay=| a3y a3y ay Ay >
3 3 3 3
L ““nl anZ an} Am (4)
r o4 4 4 4 7
ayp dap dap Aim
4 4 4 4
a‘%1 aiz a‘%3 aim
Ay=| a3 a3 a5 A3y
4 4 4 4
_anl Apy Ay anm_

where the elements of matrices A; and A, are a}; and a; (exponents 3
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and 4 represent the indices of the A; and A, matrices). First, we write A3 in a form where the coefficients in rows 2, 3, ..., n are written as a
function of the first-row coefficients, as shown in the next equation:

aj; * (1)
ajy * () + 13,

ajy * (@3) + 13,

al, (1) aty (1) a3, x (1)

al % (@) + 13, ajs x (03) + 133 aj, * (@) + 13,

a?2 * (ag) + 7:3;2 a:li3 * ((Y;) + }’%3 a?m * (ag) + r%m

Lajy (o) + 1y aly * (@) + 1y aly % (eq) + 17y aj, * (@) + 1o

M1 0 0 0 o ... 0
3 3 3 3 3
a; 0 T3 Ty Ty ... T,
3 3 3 3
3 ay 4 43 ... Ay 3 3 3 3
=| « 0 + | r3 r 3 3 )
3 0 0 0 0 31 32 33 3m
3 3 3 3 3
L &, 0 T T2 Twz oo+ Tam

where 3, o3, ..., o} are real factors arbitrarily chosen, r?j (i=1tonand j = 1to m) are real residual values. The A, matrix can be written in the
same form as the A; matrix [as in Eq. (5)], but its form is rearranged as follows:

0 1 o o0 0 ... O
4 4 4 4 4

0 o 0 0 0 0 ri ! rﬁ2t2 3y .. ri"1

_ t 4
Ay=| 0 o3 a a o a Tl T T "3m (6)
11 12 A3 Im

4 4 4 4 4

O o, rnl rnZ rn3 Fum

To write the representative form of the A, , matrix (i = 1,2, ..., n;g), we use the same form as for the A; [see Eq. (5)] or the A, matrix [see

Eq. (6)], then we change the position of the [1, &/;™2, a5, ... ., @i+?] column and the [a}1?, ai1?, a{3?, ..., aiF2] row to the ith column and ith row

5.
positions. Now, by computing the summation
=1 s+ bi
(where ny o =2) = [A3/(s + by)] +[A4/(s + b,)], we obtain
1 0 o 0 o0 ... 0
A A 1 ag 0 a3 a3 {,13 a3 r%l r%z 733 r%m
3 4 3 11 12 13 = Im 3 3 3 3
= o O
S+b1+5+b2 s+ b ’ |:0 o o0 ... 0:|+ BT T T
a 0 TR A N
0 1 o 0 o0 ... 0
0 o o rh o 1 "am
L 0 o { (: (: (z ? } T r;*m %)
s+ by at, aj, afy ... af,
0 o o T T T

Then, Eq. (7) may further be written in the following form:

1 1 0O 0 0 0
34 3 3 3 3
a; o 1 T I3 Tom
A A 1/(s + by) 0 al, aj, ap ai,,
= ad o 4 . | H/ s+ b)) Th T P
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By Th o Th o
+[1/(s + by)] r§1 ”§2 r§3 r§m ®)
o T T Tom
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By the identification of terms, we found the following unknown matrix values [see Eq. (3)]:

0 0 o ... O 0 0 o ... 0
3 3 3 3 4 4 4 4
r%] r%2 r%3 . r%m ri . rﬁ2 T3 ... rim
LS _ | . ; ; k LS _ 4
A7 =13 I T3 T3, |, Ap =13 I 133 ... 15, ©)
3 3 3 4 4 4
rnl rn2 rn3 Tam rnl rnZ rn3 Tam
1 1
3 4
o o
2 2 3 3 3 3
I - S R VICE 1)) 0 _laly aly a ... 4,
D=|oa o |, [sI—R]'= by |’ and E=| ;' "2 7} I
0 1/(s + by) ajpp dp diz ... Ay
a o

We can see that the first-row elements of all of the A¥, matrices are equal to zero (=0) and that the first-row elements of the D matrix are equal to
one (=1). In sum, we observe that the inverse problem requires only a few matrix manipulations, which are very useful when conserving
computation time. Programming the inverse problem does not require iterative solutions. We can see that

1) The formulation of the aerodynamic forces in the Laplace domain as described by Eq. (1) is very simple.

2) It is possible to obtain Eq. (8) as it is represented by Eq. (12) by modifying the standard LS equation as

N ags A
Q(s):AO—i—Als—i—Azsz—i—Zﬁs (10)
i=1 i

where A, , is a product of two matrices C; , and ML, ,.
C,,, are a set of constant matrix that have the general form

1 0 . 0
a0 . 0
a2 0 . 0
a0 . 0

ML, ,, are a set of matrix to compute by an iterative process and have the general form

i+2 2 42 i+2
ay” dps dp ... Ay

0 0 o ... 0

0 0 0o ... 0

Thus, the sum of terms A;, = C; ,ML,;,, where i = 1 {0 1, can be written as follows:

1 0 ... 0
B 0 0 aj, ap ajy ... a,
A n Ay N Apr 1 a§ 0 0 o o0 o0 0 o
s+b,  s+b, T s+b, s+b | °
@ 0 0 o o0 o0 0 o
0 1 0 0 O 1
0 ol 0 0o 0 0 0 ? 0 o o2 0 0 0 0
1 0 o 0 aj, aj, aj; 0 aj, 1 e 0 0 0 0
s+ b, 3 s+ by 3
. a4 ; 0 0 0 0 0 0 O Ce a~k~+-2 alﬁrz allc;rz a]lc;rZ 0 a/lc;rlz
n n
an
and will be written under the following condensed form
1 ... 1 3 3 3
B /(s + b)) 0 0 ayp dp ... dyy,
As Ay Arrr _ a% ai a%” 0 1/(s+by) ... 0 aj, ah ... dj,
s+b, s+ b, s+ by 300 3
05.2. ;X.ﬁ. (Xf‘,+2 0 0 U VIO B N IR = R Lo
12)
1 1 ... 1
ot% a‘z‘ a’2‘+2 1/(s+ b)) 0 0 ail aiz a}‘m
D=|a o ... o+ [s]— R = 0 1/(s+Dby) ... 0 , F—| an dan ... 4,
053, ;x'z' ot’,‘ﬁz 0 0 e /(s +by) at? odSr oL a5
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Fig. 1 Flutter speed error results (knots) calculated by the LS method
with 8 lags and by the MxState method with 1-4 lags for 44 symmetric
modes.
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Fig. 2 Flutter speed error results (knots) calculated by the LS method
with 8 lags and by the MxState method with 1-4 lags for 50
antisymmetric modes.

wherei=1,2,...,n;j=1,2,....mk=1,2,... 1y,

By use of Egs. (10-12), the method of calculation of A,
coefficients was modified in comparison with the LS method of the
same A,,, coefficients calculations. Thus, we shown that it is
possible to move from the LS formulation to MS just by replacing

NLags A‘+2
Z s+ b;

i=1
term by

<™= Cia* MLy,
i=1 s+b;

and this will allow us to avoid the use of the MS algorithm and use the
LS algorithm to get the minimum state formulation.

Results

By use of the approximation of the aerodynamic forces in the pk
flutter method, we obtained several flutter results. For this business
aircraft, 4 flutter values were predicted. Figures 1 and 2 represent, in
the form of 3-D bars, the differences in flutter speed values (in knots)
calculated with various approximation methods such as LS (with 8
lag terms) and our new MxState method (with 1, 2, 3 and 4 lag terms)
implemented in the pk flutter method with respect to the flutter
speeds calculated with the standard pk flutter program. We have
called these differences “flutter speed error results.” Figures 3 and 4
show, again using 3-D bars, the differences in flutter frequency
values (Hz) calculated with various approximation methods such as
least square LS (with 8 lag terms) and our new MxState method (with
1, 2, 3, and 4 lag terms) with respect to the flutter frequencies (Hz)
calculated by the pk flutter standard program.
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Fig. 3 Flutter frequency error results (Hz) calculated by the LS method
with 8 lags and by the MxState method with 1-4 lags for 44 symmetric
modes of a business aircraft.

0.6 p BLS Error - 8 Lags

. O MxState Error - 1 Lag
£ 0.51 MxState Error - 2 Lags
g 0.4 G MxState Error - 3 Lags
Z B MxState Error - 4 Lags
=
% 0.3 E
E 0.2- 3
= =
= 0.1 - 5

0 = /; W . : ]

Flutter Flutter Flutter Flutter
#1 #2 #3 #4

Flutter point number
Fig. 4 Flutter frequency error results (Hz) calculated by the LS method
with 8 lags and by the MxState method with 1-4 lags for 50
antisymmetric modes of a business aircraft.

Conclusions

This new MxState method will allow us to obtain the MS
approximation without passing through a long iterative algorithm. In
this manner, we minimize the number of lag terms in the MS
approximation term, which means that the lags applied to the two
terms:

i Aipr s
P s+ bi
and D[sI — R]~' Es will be the same. We compared the flutter speeds
and frequencies found by the flutter standard nonlinear method with
the flutter speeds and frequencies found by the LS approximation
method with 8 lag terms, and with the flutter speeds and frequencies
found by the new MxState with 1 to 4 lag terms for the CL-604
aircraft.

We found that the MxState method with 4 lags gives results that
are very close to the results of the standard pk flutter and the LS
approximation method with 8 lags. We noticed that the best error
values error for both cases (symmetric and antisymmetric modes) are
those of the MxState with 4 lags. These results were obtained on a
business aircraft with 44 symmetric modes and 50 antisymmetric
modes.
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